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Abstract
We present an end-to-end differentiable framework that facilitates three core capabilities in cardiovascular simulations: 
hemodynamic surrogate modeling, automated model calibration, and stochastic parameter tuning. Central to this approach is 
the introduction of a hybrid mechanistic and data-driven reduced order model (ROM) that represents each vascular domain 
through a nonlinear parametrization of lumped parameter networks. By exploiting the native differentiability of the pipeline, 
we calibrate the ROM parameters against a single high-fidelity 3D CFD simulation. The resulting optimized ROM serves as 
an efficient surrogate for both gradient-based deterministic and gradient-informed stochastic boundary condition calibration. 
With its computational efficiency and high fidelity, the framework directly addresses critical bottlenecks that currently limit 
the clinical adoption of cardiovascular simulations.

Keywords  Cardiovascular simulation · Surrogate modeling · Model calibration · Differentiable computing

Introduction

Image-based 3D cardiovascular simulations [1] have become 
a crucial component of fundamental clinical and basic sci-
ence research in surgical planning [2, 3], medical device 
design [4, 5], disease mechanisms [6, 7], and in the FDA-
approved noninvasive clinical diagnosis [8]. These simu-
lations enable detailed patient-specific analysis of hemo-
dynamics [9] through both anatomical and physiological 
personalized model-twinning. The anatomical twinning 
stage uses medical imaging data to construct a patient-
specific geometric model that defines the 3D computational 
fluid dynamics (CFD) domain, with the workflow accel-
erated and automated utilizing state-of-the-art machine 
learning techniques [10, 11]. The physiological twinning 
stage mainly relies on calibrating 0D lumped parameter 

networks (LPNs), which provide boundary conditions to the 
3D domain [12], to match simulated hemodynamics with 
patient-specific clinical measurements. Tuning these param-
eters constitutes an inverse problem that is labor-intensive, 
operator-dependent, and complicated by a high-dimensional 
parameter space, making manual calibration extremely 
challenging.

Recently, researchers have proposed frameworks to auto-
mate boundary condition calibrations, broadly categorized 
into deterministic and stochastic approaches. Deterministic 
approaches primarily rely on gradient-based optimization, 
where gradients are typically obtained through adjoint meth-
ods [13]. Although adjoint methods offer a computationally 
efficient means of evaluating gradients, they require manu-
ally deriving sensitivities with respect to each input param-
eter and carefully addressing nonlinearities and constraints, 
rendering their implementation non-trivial for many appli-
cations [14–16]. Derivative-free optimization methods [17] 
provide an alternative to gradient-based techniques; how-
ever, they generally exhibit slow convergence, poor scalabil-
ity in high-dimensional parameter spaces, and substantial 
sensitivity to noise [18]. Whereas deterministic approaches 
generally yield only single-valued estimates of the cali-
brated parameters, stochastic approaches enable probabil-
istic model calibration through quantification of uncertain-
ties in clinical observations and modeling assumptions. Such 
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stochastic formulations are commonly implemented using 
Bayesian techniques [19], which cast calibration as a statisti-
cal inference problem and employ variants of Monte Carlo 
(MC) sampling [20] to estimate posterior distributions over 
parameters and predictions, often requiring a large number 
of simulations for convergence [21].

Nevertheless, the effectiveness of current deterministic 
and stochastic approaches depends critically on accurate sur-
rogate modeling, whose development remains challenging 
and not readily accessible in many complex cardiovascular 
applications [22, 23]. Reduced order models (ROMs) of 
blood flow can be broadly categorized into physics-based 
and data-driven approaches. Physics-based models [22–24] 
are typically derived by reducing the dimensionality of the 
3D governing equations under simplifying assumptions, 
which can limit their ability to represent the full complexity 
and nonlinearity of cardiovascular flow dynamics. In con-
trast, data-driven and physics-informed machine learning 
approaches [25, 26] offer enhanced expressivity and accu-
racy of the underlying physics; however, they often face 
challenges related to scalability, numerical stability in han-
dling complex boundary conditions, and reliance on large 
amounts of computationally expensive offline simulations 
for training projection-based or learned surrogates [25, 27].

To address these challenges, we introduce a framework 
that integrates three fundamental capabilities in cardiovas-
cular simulations within a single end-to-end differentiable 
pipeline: (i) accurate surrogate modeling, (ii) automated 
model calibration, and (iii) efficient stochastic parameter 
tuning. This is achieved by proposing a mechanistic and 
data-driven ROM of blood flow, representing each vessel 
with LP elements parametrized by nonlinear resistances 
and inductances. We exploit the native differentiability of 
the pipeline to calibrate resistances and inductances of the 
ROM through optimization against a single high-fidelity 3D 
CFD simulation. The optimized ROM then serves as the 
surrogate model for both deterministic and stochastic model 
calibration. We deterministically tune boundary conditions 
to match a set of synthetic clinical observations using direct 
gradient-based optimization techniques, thereby eliminat-
ing the customized algorithmic and implementation bur-
dens associated with adjoint methods. The differentiability 
of our pipeline also makes it well suited for Hamiltonian 
MC [28], a gradient-informed sampling technique capa-
ble of exploring posterior distributions with substantially 
higher efficiency than MCMC [29] or Sequential MC [30] 
methods, accelerating stochastic parameter calibration. The 
framework is implemented entirely in JAX [31], a scientific 
computing environment with native state-of-the-art auto-
matic differentiation [32].

Differentiable programming represents a transforma-
tive shift in computational sciences, forging a powerful 
bridge between traditional scientific computing and modern 

machine learning through leveraging automatic differentia-
tion. In contrast to traditional approaches, where simula-
tions proceed only forward and gradient calculation requires 
cumbersome manual extraction of adjoint [13], differenti-
able programming allows derivatives to propagate naturally 
through the entire computational workflow. This capabil-
ity enables seamless integration with data sciences, while 
facilitating efficient gradient-based optimization, inverse 
modeling, and data-driven discovery in scientific and engi-
neering applications [33–36].

The paper is structured as follows. We first introduce 
the differentiable framework for surrogate modeling and 
automated boundary condition tuning in Sect. “Methods.” 
Next, we validate the performance of the proposed frame-
work across different cardiovascular geometries in Sec-
tion Results. Finally, the paper concludes with a discussion 
of limitations and future outlook in Sect. “Discussion.”

Methods

Estimating boundary conditions from data constitutes an 
inverse problem, wherein the underlying parameters are 
inferred indirectly from available observational data rather 
than measured directly. We propose two approaches, both 
leveraging differentiability, to solve this inverse problem: a 
deterministic method that provides single-valued estimates 
and a stochastic method that yields probabilistic distribu-
tions. Both approaches rely on an accurate ROM of blood 
flow that serves as a fast and accurate surrogate for full 3D 
CFD simulations. We begin by introducing a parametric 
ROM and subsequently describe the deterministic and sto-
chastic techniques used to calibrate the boundary conditions. 
An overview of our end-to-end differentiable framework is 
demonstrated in Fig. 1.

Fig. 1   An overview of our end-to-end differentiable framework for 
parametric reduced order modeling of blood flow, including deter-
ministic and stochastic boundary condition tuning
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Parametric ROM of Blood Flow

Here, we propose a hybrid physics-based and data-driven 
surrogate simulator of cardiovascular hemodynamics. First, 
we construct an LPN of the vascular domain by representing 
each vessel as a resistance-inductance ( R-L ) circuit element, 
capturing hydraulic resistance and blood flow inertia under 
the assumption of rigid vessel walls. Building on classical 
fluid mechanics, we derive a reduced order relationship 
between cross-sectionally averaged pressure P and volu-
metric flow rate Q that satisfies conservation of mass at ves-
sel junctions and balance of momentum along any vascular 
segment, given by

To improve physical fidelity, we adopt a hybrid strategy that 
combines mechanistic insights with data-driven inference 
for estimating hydraulic resistance R and inductance L . In 
particular, we previously developed a distributed lumped 
parameter (DLP) modeling approach [23, 37] in which R 
is decomposed into distinct physically and physiologically 
motivated components commonly observed in cardiovas-
cular systems: viscous losses due to blood viscosity ( Rv ), 
geometric effects from curvature and tortuosity ( Rc ) that 
contribute to increased viscous dissipation and are cap-
tured through the augmented term Rvc , sudden expansions 
or pathological changes such as stenoses and aneurysms 
( Rs ), and energy dissipation at vascular junctions ( Rj ). 
Although DLP substantially outperforms conventional 1D 
Navier–Stokes [22] and classical LP ROMs [6, 24], it still 
relies on semi-empirical pressure loss formulas whose appli-
cability is limited by poor generalizability across diverse 
anatomical geometries and hemodynamic regimes.

To overcome these limitations, we introduce a parametric 
ROM ( �-ROM), in which each vessel is assigned a general-
ized resistance expressed as a nonlinear function of flow. 
This �-ROM formulation retains mechanistic structure by 
incorporating nonlinearities inspired by known sources 
of energy dissipation while enabling greater flexibility 
and data-alignment than existing semi-empirical models. 
Namely, the generalized resistance as a nonlinear function 
of flow rate for each vessel j is defined as

 where �res
j

∈ ℝ
d+1 is the vector containing the polynomial 

coefficients (a0, a1,… , ad) for blood vessel j and d is the 

(1)
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degree of the polynomial nonlinearity, and RP is the Poi-
seuille resistance

which accounts for the baseline viscous losses along the 
vessel. In this study, we set d = 2 , which models nonlin-
ear hydraulic resistance through a quadratic dependence 
on the flow rate, as commonly observed in physics-based 
flow models [23]. Similarly, the inductance of each vessel 
is parameterized as

where �ind
j

 represents the modifier that parametrizes the 
baseline inductance Lg , defined from the geometric and 
material properties of the vessel as

As a result, the parameter set characterizing the nonlinear R
-L network for each vessel j is given by

The constructed LPN of R-L is coupled with physiologi-
cally consistent boundary conditions to represent both the 
upstream and downstream vasculature. Specifically, at each 
boundary, the pressure-flow relationship is enforced through 
a boundary condition operator

whose form depends on the selected boundary model and 
its associated parameter set � j . In this work, we incorpo-
rate RCR Windkessel model and coronary-specific LPNs 
at the outlets, along with a time-varying inflow waveform 
prescribed at the inlet of the model. However, the proposed 
pipeline is readily adaptable and can incorporate alternative 
or additional boundary condition formulations commonly 
used in cardiovascular simulations. For example, when the 
inflow waveform is not directly available, as is often the case 
in clinical data, a template inflow waveform can be intro-
duced and parameterized through a multiplicative correction 
represented by a truncated Fourier series. Specifically, the 
prescribed inflow can be written as

where Q̃(t) is a template waveform, T  is the cardiac cycle 
length, K is a hyperparameter that defines the number of 
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Fourier modes, and � in = [a1, b1,… , aK , bK] denotes the 
Fourier coefficients defining the waveform correction. 
With this construction, the inflow is treated as an additional 
parameterized boundary condition, and the full boundary 
parameter set is written as

so that the unknown inflow shape can be inferred jointly 
with the outlet LP boundary condition parameters �out

j
.

In summary, the �-ROM model is defined as

where � denotes the resistance and inductance parameters 
of the vascular domain, � represents the boundary condi-
tion parameters, u specifies the model inputs (e.g., inlet flow 
or pressure waveforms), y defines the model outputs, i.e., 
pressure at all junction nodes and boundaries and flow rate 
through all vessels, and t is time. We will evaluate the per-
formance of the proposed �-ROM against both 3D CFD sim-
ulations and our previous DLP approach, which is defined as

While the governing equations and the boundary condition 
implementation are identical for both ROMs, the defini-
tion of the hydraulic resistance R and inductance L differs 
between them. The �-ROM estimates R-L through optimiz-
ing � for each model by leveraging data extracted from a 
single 3D CFD simulation, whereas the DLP estimates the 
inductance using Lg and computes resistance R using analyt-
ical expressions for various sources of energy dissipation as

with fixed semi-empirical parameters that are prescribed 
a priori and not calibrated against corresponding 3D CFD 
simulations. For an in-depth derivation of the individual 
resistances and their corresponding parameters, the reader 
is referred to [23]. The governing equations in both ROMs 
are discretized in time using the implicit second-order BDF2 
scheme [38], and all nonlinear terms are linearized using 
solutions from previous time steps, resulting in a linear sys-
tem that is solved at each step to obtain y.

Calibrating ̨ ‑ROM with Differentiable Simulator

We develop an end-to-end differentiable framework to 
simulate blood flow and to efficiently solve the inverse 
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,
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problem for model calibration and parameter tuning. Our 
implementation is built entirely in JAX [31], a scientific 
computing framework in Python with automatic differen-
tiation (AD). AD enables the computation of exact deriva-
tives of functions expressed as compositions of primitive 
operations with known derivatives, applying the chain 
rule to machine precision. JAX implements AD by trac-
ing functions and storing the flow of data in a static and 
typed computational graph using an intermediate repre-
sentation called jaxpr [31]. Specifically, JAX computes 
the Jacobian Jx[f] =

�f

�x
∈ ℝ

m×n for a vector-valued func-
tion f ∶ ℝ

n
→ ℝ

m with input x ∈ ℝ
n using two fundamen-

tal operations: Jacobian-vector product (JVP) and vector-
Jacobian product (VJP). The JVP is used for forward-mode 
differentiation and computes JVP(f, x, v) = Jx[f]v ∈ ℝ

m , 
where v ∈ ℝ

n is a tangent vector. The VJP on the other 
hand is used for reverse-mode differentiation, whereas 
for an adjoint vector w ∈ ℝ

m the VJP calculates 
VJP(f, x,w) = wTJx[f] ∈ ℝ

n . Both JVP and VJP exploit 
the linearity of differentiation within computational graph 
structures to calculate the matrix–vector or vector–matrix 
product implicitly rather than calculating and realizing the 
full Jacobian matrix explicitly, which becomes prohibi-
tively expensive for high-dimensional functions.

We will leverage the differentiability of our simulator 
to calibrate the �-ROM for each patient-specific model. 
We obtain the optimal parameters �∗ by solving a nonlin-
ear least-squares inverse problem defined by the following 
objective function:

This objective minimizes the residual r between the pressure 
and flow predicted by the �-ROM and those computed from 
3D CFD simulations ( y3D ) described in Appendix 1, within 
the same geometric domain and under identical boundary 
conditions. Access to exact derivatives from the differenti-
able solver, along with the relatively small parameter dimen-
sion O(102) , allows us to efficiently employ the curvature-
aware Levenberg–Marquardt (LM) algorithm to solve the 
inverse problem and iteratively obtain the optimal model 
( �∗-ROM) via

(14)
�∗ = argmin�

‖‖‖r
(
�, �, u, y3D

)‖‖‖
2

2

≜ argmin�
‖‖�-ROM(�, �, u, t) − y3D

‖‖22.
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 This update is computed using the LM step obtained by 
solving the linear system

where J is the Jacobian of the residual vector r in Eq. 14, 
given by

The LM iterations proceed until the residual stagnates, 
defined as a change of less than 1.0% between successive 
iterations. Here, � is the damping parameter that allows the 
LM algorithm to blend between a gradient descent algorithm 
when � is large, and a Gauss-Newton algorithm when � is 
small. The choice and scale of � are often specific to the 
optimization problem and are determined through trial and 
error. We initialize the LM iterations with � = 0 , which by 
construction (Eqs. 3 and 5) recovers the Poiseuille resistance 
RP and geometric inductance Lg . This reduces the �-ROM 
to a linear LPN whose elements are determined directly from 
the parameters of the 3D geometric domain, providing a 
physics-informed initialization for the subsequent parameter 
estimation process. Once the �∗ is identified, the resulting �∗

-ROM is subsequently used to tune the boundary condition 
parameters � through both deterministic and stochastic opti-
mization approaches to match a set of target observations.

Deterministic Parameter Tuning

In this section, we describe our deterministic approach to cali-
brate boundary condition parameters � to match a set of tar-
get hemodynamic measurements within the vascular domain. 
Concretely, we solve an inverse problem similar to �-ROM 
calibration in Eq. 14 with the addition of terms that penalizes 
quantities of interest like pressure and flow rate from deviating 
from prescribed physiological ranges

 where yobs represents the target hemodynamic values, gener-
ally from clinical data observation. Pk(�) represent penalty 
terms that constrain the model to remain within physiologi-
cal limits when needed, Np are the number of penalty terms, 
and �k is a hyperparameter that represents the weight of each 
penalty terms in the objective function. For the purpose of 

(15)�k+1 = �k + Δ�.

(16)
(
JTJ + �I

)
Δ� = −JTr,

(17)J = J�[r] =
�r
(
�, �, u, y3D

)
��

.

(18)�∗ = argmin� L(�) ≜ argmin�
‖‖M�∗-ROM(�

∗, �, u, t) − yobs
‖‖22 +

Np∑
k=1

�k Pk(�),

this study, we first validate our framework using synthetic 
observations generated from 3D CFD simulations across a 
diverse range of geometries. We then apply the framework 
to patient-specific clinical data to demonstrate its usage to 
infer patient-specific parameters from noisy measurements 
representative of clinical practice. Specifically, we construct 
the observed data vector yobs from either a subset of 3D 
CFD results or clinical measurements, such as mean pres-
sure, systolic pressure, diastolic pressure, mean flow, and 
other quantities explicitly detailed in the Results section for 
each vascular model. With the inverse problem defined, we 
adopt the same procedure in Eqs. 15–17 used for estimating 
� , directly leveraging the computed gradients from our dif-
ferentiable pipeline within the LM algorithm to obtain the 
optimized boundary condition parameters �∗.

Stochastic Parameter Tuning

While deterministic parameter tuning yields single-valued 
estimate for boundary conditions, the stochastic process out-
lined below provides a posterior distribution P

(
� ∣ yobs

)
 for 

� while quantifying uncertainties in the observed data yobs . 
Using Bayes’ rule, we define the posterior for � as

The term P
(
yobs ∣ �

)
 representing the probability of observ-

ing the data yobs given a particular choice of � . The term 
P(�) is the prior over � and encodes the probabilistic distri-
bution of boundary condition parameters before incorporat-
ing any observational data. P

(
yobs

)
 is the marginal likeli-

hood, which acts as a normalizing constant and is defined as

the evaluation of which becomes computationally intractable 
in high-dimensional parameter space and typically lacks a 
closed form expression for general distributions. Therefore, 

P
(
� ∣ yobs

)
 is often approximated by �(�) , defined as

In this work, we assume the likelihood follows a Gaussian 
distribution

(19)P
(
� ∣ yobs

)
=

P
(
yobs ∣ �

)
P(�)

P
(
yobs

) .

(20)P(yobs) = ∫ P(yobs ∣ �)P(�) d�,

(21)P
(
� ∣ yobs

)
∝ �(�) ≜ P

(
yobs ∣ �

)
P(�).
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where � is the covariance matrix for the observed data yobs . 
For this study, we assume that the observations are uncorre-
lated; hence, � is diagonal. The parameter � is sampled from 
a uniform distribution, representing non-informative prior. 
Since boundary condition parameters are strictly positive, 
the resulting constrained search space renders MC-based 
sampling inefficient. In addition, the � encompasses param-
eters that span various orders of magnitude, ranging from 
compliances of O(10−5) to microcirculatory resistances of 
O(105) . This extreme variation in parameter scales leads to a 
poorly conditioned optimization problem, leading to conver-
gence inefficiency and instability. To mitigate these limita-
tions and facilitate sampling in an unconstrained space, we 
will employ a log-space transformation T

which leads to the posterior �(�) ∝ P(yobs ∣ �)P(�) defined 
over � and expressed explicitly using Eq. 21

where JT−1 is the Jacobian of the inverse transformation T−1 . 
Finally, we will approximate the posterior distribution by 
implementing three different MC-based methods leverag-
ing the M�∗-ROM surrogate simulator within the open-source 
sampling library BlackJAX [39], which is implemented in 
JAX and fully compatible with our computational pipeline. 
Single-valued estimates of the boundary condition param-
eters are then obtained as the expected value

where N is the number of samples.
We will summarize three MC-based methods used in this 

study in the following sections.

Random‑Walk Metropolis‑Hastings (RMH)

We will approximate the posterior distribution by utilizing 
the RMH sampling techniques. RMH constructs a Markov 
chain by iteratively proposing candidate samples �′ from 
a symmetric Gaussian distribution centered at the current 
sampling state �n

where C is a user-defined proposal covariance matrix. In this 
study, we adopt a Gaussian random-walk proposal in which 

(22)P
�
yobs ∣ �

�
=

1√
(2�)n det𝚺

exp
�
−
1

2

�
yobs −M�∗-ROM(�)

�T
𝚺
−1
�
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��
,

(23)T ∶ ℝ
n
+
→ ℝ

n; � = T(�) ∶= log �,

(24)�(�) ≜ P
(
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−1(�)
)
P
(
T−1(�)

)|||det
(
JT−1(�)

)|||,

(25)�∗ =
1

N

N∑
i=1

T−1
(
�i
)
, �i ∼ �(�),

�� ∼ N(�n,C),

the standard deviation of each parameter is set to 10% of 
the corresponding component of the current state �n . The 
proposed sample �′ is accepted with probability

where �(�) is the posterior. If the proposal is accepted, it 
becomes the next state in the chain; otherwise, the current 
state is retained. The RMH implementation is detailed in 
Algorithm 1.

Sequential Monte Carlo (SMC)

The SMC method [40], also known as particle filtering, 
estimates the posterior by evolving a set of particles from 
the prior toward the posterior through a sequence of inter-
mediate distributions. Specifically, the n-th intermediate 
distribution �n(�) is approximated using

with normalized wi
n
 weights associated with each particle 

location �i , representing the relative importance of the i-th 
particle. Here, � denotes the Dirac delta function, and k is 
the total number of particles. This particle-based construc-
tion enables efficient exploration of the parameter space and 
accurate estimation of complex and multi-modal posterior 
distributions. Through tempering of �n , reweighting of wi

n
 , 

and resampling of �i , the particle population is progressively 
concentrated in regions of high posterior probability, thereby 
refining the posterior distribution. Algorithm 2 summarizes 
the steps employed in SMC for solving the Bayesian calibra-
tion problem.

Hamiltonian Monte Carlo (HMC)

The HMC [41] algorithm is a Markov chain MC method 
that approximates the posterior distribution by formulating 
the sampling problem as a Hamiltonian system through the 
introduction of an auxiliary momentum variable � . Unlike 
the previous two methods, HMC requires gradients of the 
posterior, which are readily available via our differenti-
able framework. The gradient-informed dynamics signifi-
cantly improve exploration of the parameter space, yield-
ing higher acceptance rates and more efficient sampling 
compared to RMH and SMC. As a result, HMC requires 

A(��,�n) = min

(
1,

�(��)

�(�n)

)
,

(26)�n(�) ≈

k∑
i=1

wi
n
�(� − �i),
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substantially fewer samples to achieve performance com-
parable to RMH and SMC.

We briefly outline the HMC formulation, beginning 
with the log-posterior

and its gradient g(�) = ∇�l(�) . The potential energy of the 
Hamiltonian system is then defined as

To define the kinetic energy, we introduce the auxiliary 
momentum variable � , sampled from a multivariate nor-
mal distribution with zero mean � ∼ N(0,M) . The covari-
ance matrix M serves as the mass matrix of the Hamiltonian 
system. We assume the calibration parameters are uncor-
related; accordingly, the matrix M is taken to be diagonal. 
The kinetic energy is therefore defined as

resulting in the Hamiltonian H(�,�) = U(�) + K(�) . The 
corresponding Hamiltonian dynamics of the system can be 
expressed as a coupled system of differential equations:

These equations are integrated numerically using a sym-
plectic leapfrog integration scheme detailed in Algorithm 4. 
During an initial warmup run, the mass matrix M and the 
step size Δt that are required by the leapfrog integrator are 
tuned using the windowed adaptation scheme introduced 
with the No-U-Turn Sampler [42]. The tuned parameters 
are then used in the sampling phase, where the number of 
leapfrog steps is adaptively chosen. The complete HMC 
algorithm is presented in Algorithm 3.

Results

To evaluate the utility of the proposed differentiable pipe-
line, we have applied this framework to a diverse range of 
patient-specific cardiovascular anatomies exhibiting com-
plex hemodynamics, including aortic, aortofemoral, and 
coronary models. In each vascular model, we first employ a 
single 3D CFD simulation to calibrate a parametric �-ROM. 
We then use the calibrated ROM to deterministically and 
stochastically tune the boundary condition parameters so 

(27)l(�) = log�(�),

(28)U(�) = −l(�).

(29)K(�) =
1

2
�TM−1� ,

(30)
�̇ =

𝜕H(�,�)

𝜕�
= M−1�

�̇ = −
𝜕H(�,�)

𝜕�
= g(�).

that the model reproduces a prescribed set of hemodynamic 
targets representing clinical data observations. Across all 
models, we investigate multiple types of target responses 
to evaluate the efficacy and robustness of the proposed 
approach.

˛‑ROM Calibration

Here, our goal is to obtain the calibrated �∗-ROM for each 
vascular model by optimizing � so that the resulting pres-
sure and flow waveforms from ROM match those computed 
from a single 3D CFD simulation performed on the same 
geometric domain and under identical boundary conditions. 
To ensure that the �∗-ROM generalizes robustly across a 
broad range of LP boundary conditions and inflow profiles, 
we evaluated its accuracy using 10 distinct 3D CFD simula-
tions for each vascular model. In each simulation, the initial 
boundary condition parameters were perturbed multiplica-
tively by a scalar randomly and independently drawn from 
a uniform distribution U[0.8, 1.2].

We use the 3D CFD results as reference solutions and 
evaluate the accuracy of the proposed ROM against them. 
We compare the performance of the �∗-ROM with that of 
the DLP approach by quantifying the reduction in the maxi-
mum percentage pressure error at each outlet. The percent-
age error decrease at each outlet i is defined as

 To provide a statistical summary across the perturbation 
study, we also report the mean and standard deviation of the 
maximum pressure error over the Npert = 10 perturbation 
cases. For each perturbation case k at outlet i , the scalar 
pressure error is defined as

where Pmodel denotes either the �∗-ROM or DLP predic-
tion. The corresponding mean and sample standard deviation 
across perturbation cases are then computed using �(i)

P,k
 . It is 

important to note that pressure error serves as a sufficient 
metric for assessing model accuracy because pressure and 
flow rate are tightly coupled through boundary condition 
operators defined in Eq. 8 within the underlying hemody-
namic system. Consequently, achieving close agreement 
between the ROM and the 3D CFD simulation in inlet and 

(31)

Δ�
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P
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outlet pressures inherently yields a correspondingly accurate 
match in the associated flow rates at those locations.

Aortic model

Here, we evaluate the ability of the proposed �-ROM to 
accurately predict temporal pressure and flow waveforms 
in an aortic model with mild coarctation (Fig. 2a), a con-
figuration that yields complex flow physics and poses chal-
lenges for CFD simulation. The inlet flow waveform, shown 
in Fig. 2a, was obtained from the Vascular Model Reposi-
tory [43] and prescribed at the inlet; the corresponding aortic 
model identifier is provided in Table 6 of Appendix 3. The 
outlets were coupled to three-element RCR LP boundary 
conditions. We first calibrated the �-ROM to a single refer-
ence 3D CFD simulation using the LM algorithm with the 
damping parameter � set to 10−6 , and then compared pres-
sure waveforms at all outlets and the inlet predicted by the 
calibrated �∗-ROM and the DLP model against those from 
10 additional 3D CFD simulations with perturbed boundary 
conditions described in Section �-ROM Calibration. The 
subclavian artery outlet (outlet id #5) is of particular inter-
est because the DLP model was unable to reproduce the 

corresponding 3D pressure waveform, as shown in Fig. 2b. 
The �∗-ROM produced pressure waveforms in strong agree-
ment with 3D CFD across all outlets, with a maximum error 
of 1.0% against reference 3D CFD results and 2.4% at the 
subclavian outlet for perturbation 7. By comparison, the 
DLP model exhibited a maximum error of 7.5% at the same 
location. The overall improvement of the proposed �-ROM 
relative to the DLP approach is summarized in the heat map 
shown in Fig. 2c and in Table 1, which reports the percent-
age error differences between the two models as defined in 
Eq. 31, and mean and standard deviation of maximum-in-
time pressure errors across the perturbation cases, respec-
tively. Notably, the �-ROM achieves substantial accuracy 
gains in the subclavian artery, corresponding to the last col-
umn of Fig. 2c, where average of maximum-in-time pressure 
error reduces from 6.69% to 1.42%, as shown in Table 1.

Aortofemoral Model

We considered an extensive aortofemoral model, shown in 
Fig. 3a, which includes the descending, abdominal, iliac, 
and femoral arteries, regions prone to severe vascular 
diseases such as aneurysms and stenoses. The individual-
ized inflow waveform, shown in Fig. 3, was determined 

Fig. 2   a Aortic model with mild coarctation. b Pressure waveforms 
from 3D CFD, �∗-ROM, and DLP methods at the inlet and outlets 
using boundary conditions from perturbation 9. c Percentage error 

changes between �∗-ROM and DLP prediction against 3D CFD 
across outlets and perturbation cases, with negative values indicating 
�∗-ROM outperforming DLP

Table 1   Mean and standard 
deviation of maximum-in-
time pressure errors across the 
perturbation cases for the aortic 
model

Outlet id

Error statistics Inlet 1 2 3 4 5

Mean
DLP

 (%) 1.56 1.46 1.18 1.42 3.98 6.69
STD

DLP
 (%) 0.19 0.18 0.22 0.28 0.45 0.63

Mean�∗-ROM
 (%) 0.80 0.75 0.79 0.55 1.13 1.42

STD�∗-ROM
 (%) 0.19 0.11 0.17 0.12 0.34 0.52



Automated Tuning of Cardiovascular Boundary Conditions via Differentiable Surrogate Modeling﻿	

based on the Baker equation in previous study and is 
available from the Vascular Model Repository [43] and 
prescribed at the inlet; the corresponding model identifier 
is provided in Table 6 of Appendix 3. All outlets were 
coupled to three-element RCR LP boundary conditions. 
The �∗-ROM was achieved using the LM-based proce-
dure with the damping parameter � set to 10−3 . The cali-
brated model accurately captured the flow dynamics across 

the aortofemoral model over the full range of perturbed 
boundary conditions, with a maximum error of 0.6% rela-
tive to the reference 3D CFD simulation for the reference 
calibration, and a maximum of 2.1% at outlet 4 for pertur-
bation 6. There were some instances in which the para-
metric ROM showed slightly lower accuracy than the DLP 
at specific outlets, for example, outlet 4 for perturbations 
1, 6, and 8 (Fig. 3c). Nevertheless, when averaging over 
all outlets, the �-ROM generally outperformed the DLP 

Fig. 3   a Aortofemoral model. b Pressure waveforms from 3D CFD, 
�∗-ROM, and DLP methods at the inlet and outlets using boundary 
conditions from perturbation 6. c Percentage error changes between 

�∗-ROM and DLP prediction against 3D CFD across outlets and per-
turbation cases, with negative values indicating �∗-ROM outperform-
ing DLP

Table 2   Mean and standard 
deviation of maximum-in-
time pressure errors across the 
ten perturbation cases for the 
aortofemoral model

Outlet id

Error statistics Inlet 1 2 3 4 5 6 7 8 9

Mean
DLP

 (%) 4.26 2.70 4.53 1.41 1.16 4.80 4.69 4.46 5.60 3.36
STD

DLP
 (%) 0.19 0.18 0.21 0.32 0.23 0.22 0.20 0.22 0.56 0.58

Mean�∗-ROM
 (%) 0.62 0.66 0.81 0.95 1.17 0.83 0.76 0.79 0.71 0.76

STD�∗-ROM
 (%) 0.12 0.16 0.10 0.29 0.50 0.08 0.26 0.18 0.24 0.22

Fig. 4   a Coronary model. b Pressure waveforms from 3D CFD, �∗-
ROM, and DLP methods at the inlet and outlets using boundary con-
ditions from perturbation 1. c Percentage error changes between �∗

-ROM and DLP prediction against 3D CFD across outlets and per-
turbation cases, with negative values indicate �∗-ROM outperforming 
DLP
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approach significantly (Table 2). For example, at outlet 8, 
the average maximum-in-time error was reduced markedly 
from 5.60% using the DLP approach to 0.71% with the 
proposed �-ROM.

Coronary Model

Finally, we calibrated a parametric ROM to study hemody-
namics in a complex coronary model featuring a severe sten-
otic lesion in the main left circumflex artery, characterized 
by a 75% reduction in cross-sectional area. Unlike systemic 
arteries, coronary circulation exhibits a phase shift between 
pressure and flow waveforms, primarily due to extravascular 
myocardial compression. We selected this model to evaluate 
the effectiveness of our framework in capturing such physi-
ologically complex behavior, given its challenging geometry, 
large number of outlets, and non-trivial temporal dynamics. 
The ascending aorta was coupled to an RCR model, while 
all coronary outlets were coupled to a five-element coro-
nary LPN (shown in Fig. 4a). Intramyocardial pressure was 
modeled by scaling representative left and right ventricular 
pressure waveforms to account for extravascular myocardial 
compression [23]. The same calibration procedure described 
for the aortic and aortofemoral models was employed, with 
the damping parameter � set to 10−6 . Across the majority of 
outlets and perturbed cases, particularly during early dias-
tole, the �∗-ROM outperformed the DLP model, as illus-
trated in Fig. 4b. The maximum pressure error in diastole 
for the DLP is 2.95%, which reduces to 1.25% using the 
proposed �-ROM method. Overall, a consistent improve-
ment in maximum-in-time pressure errors is observed for 
all 10 perturbations in Table 3, along with reduced percent-
age errors between �∗-ROM and DLP predictions relative 
to the 3D CFD results across nearly all outlets indicated in 
Fig. 4c. Averaged over all systemic and coronary outlets, 
the mean maximum-in-time pressure error decreased from 
1.77% for the DLP model to 1.17% for the �∗-ROM. The larg-
est improvement occurs at outlet 2, where the maximum-in-
time pressure error decreases from 3.34% for the DLP model 
to 0.95% for the calibrated �∗-ROM.

Deterministic Boundary Condition Tuning

Here, we demonstrate our framework’s ability to deter-
ministically tune boundary condition parameters to match 
hemodynamic observations. We use noiseless synthetic 
observations generated from 3D CFD simulations to verify 
our framework’s robustness across aortic, aortofemoral, and 
coronary models, followed by a demonstration of our frame-
works effectiveness to tune boundary conditions to match 
actual noisy clinical data for an aortic case. To evaluate the 
robustness of the pipeline, we considered multiple types of 
observational data yobs , including scalar hemodynamic met-
rics such as average pressure and average flow rates ( Pavg 
and Qavg ), as well as full temporal waveforms (P(t) and Q(t)) 
extracted from a 3D CFD simulation results with known 
boundary conditions. Because the nonlinear hemodynamic 
system does not necessarily admit a unique set of boundary 
conditions that reproduce a given target response, the cali-
brated boundary conditions are subsequently employed in a 
3D CFD simulation to assess whether the resulting hemody-
namics from 3D CFD match the target quantities predicted 
by the optimized ROM.

Aortic model. We consider a set of synthetic scalar target 
observations, including average, maximum, and minimum 
pressure and flow rates at the boundaries of the geometric 
d o m a i n ,  i . e . ,  yobs = [Pao

avg
,Pao

max
,Pao

min
, {Qi

avg
,Qi

max
, 

Qi
min

for i ∈ [1,⋯ , no]}] , where Pao denotes the pressure at 
the aortic root, Qi is the flow rate at outlet i , and no is the 
number of outlets. While average pressure and flow are of 
primary clinical importance, we intentionally included maxi-
mum and minimum values to assess the robustness of the 
proposed calibration framework. In addition, several clinical 
indicators depend explicitly on extrema rather than mean 
quantities; for example, the ankle-brachial index (ABI) in 
peripheral arterial disease is defined using maximum sys-
tolic pressure measurements. Figure 5 illustrates the perfor-
mance of our gradient-based optimization procedure, which 
leverages the calibrated �∗-ROM to estimate the optimal 
boundary condition parameters �∗ that best match the target 
observations. The � comprises the RCR parameters of the 
Windkessel model at all outlets. While the initial parameter 
vector �0 produces hemodynamic predictions that deviate 
substantially from the prescribed targets, the proposed direct 

Table 3   Mean and standard 
deviation of maximum-in-time 
pressure errors across the ten 
perturbations for the coronary 
model

Outlet id

Error statistics Inlet 1 2 3 4 5 6 7 8 9 10 11 12

Mean
DLP

 (%) 0.67 0.51 3.34 1.01 2.63 1.19 2.90 2.94 2.64 0.62 0.50 0.71 1.35
STD

DLP
 (%) 0.24 0.25 0.78 0.78 0.44 0.61 1.43 0.48 0.41 0.15 0.22 0.25 0.51

Mean�∗-ROM
 (%) 0.54 0.44 0.95 1.42 1.47 1.54 1.70 1.08 1.06 0.68 0.65 0.72 0.86

STD�∗-ROM
 (%) 0.44 0.27 0.75 1.22 0.46 0.46 1.45 0.38 0.42 0.40 0.40 0.37 0.47
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optimization framework identifies an optimal parameter set 
�∗ which, when deployed within the �∗-ROM and full 3D 
CFD simulations, both yield close agreement with the target 
hemodynamic responses across all quantities of interest. 
After boundary condition calibration, the �∗-ROM predic-
tions were within 13% of the target scalar observations across 
all quantities with the highest relative error seen for outlet 
5. When aiming for average flow and pressure values, the 
maximum errors of both �∗-ROM and 3D CFD simulations 
are less than 4.2% for all the outlets.

Aortofemoral model. We aim to match a combination of 
synthetically generated scalar and temporal hemodynamic 
metrics within this geometric model by calibrating all RCR 

parameters at the outlets. To this end, we define the observa-
t i o n  v e c t o r  a s  yobs = [Pin

avg
,Pin

max
,Pin

min
, {Qi

avg
, 

Qi
max

,Qi
min

for i ∈ [1,⋯ , ns]}, {Q
j(t) for j ∈ [1,⋯ , nt]}] , 

where ns is the number of outlets for which scalar flow met-
rics are available and nt denotes the number of outlets with 
prescribed temporal flow waveforms. Figure 6 compares the 
prediction from �∗-ROM obtained using the initial boundary 
condition parameters �0 and the calibrated parameters �∗ , 
together with the corresponding 3D CFD results using �∗ , 
against the target hemodynamic responses. The proposed 
framework enables systematic optimization of the initial 
parameter vector �0 , yielding a calibrated surrogate model 

Fig. 5   Predicted pressure and flow rates obtained from �∗-ROM 
(defined as M ) using initial parameters �

0
 and calibrated boundary 

condition parameters �∗ , and also from 3D CFD with �∗ boundary 

conditions, together with their corresponding percentage errors rela-
tive to the synthetic target observed data y

obs
 for the aortic model

Fig. 6   Predicted flow rate waveforms obtained from �∗-ROM 
(defined as M ) using initial parameters �

0
 and calibrated boundary 

condition parameters �∗ , and also from 3D CFD with �∗ bound-

ary conditions (top row). Predicted pressure and flow rate scalars, 
together with their corresponding percentage errors relative to the 
synthetic target data y

obs
 for the aortofemoral model (bottom row)
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M(�∗) that accurately reproduces both the target flow wave-
form dynamics and the scalar hemodynamic quantities 
across multiple outlets of the aortofemoral model. The cali-
brated predictions exhibit strong agreement with both 3D 
CFD simulations and the observed data. The largest relative 
discrepancies were observed for the minimum flow rates, 
reaching approximately 22% in the 3D CFD simulations and 
decreasing to 13% for the average flow predictions. These 
relatively high error values are primarily attributable to nor-
malization by small reference values. This high values in 
error is primarily attributable to normalization by small ref-
erence values. Previous studies [44] reported flow rate errors 
normalized with respect to the maximum flow over the car-
diac cycle to mitigate this issue. In contrast, the present 
study computes errors using the instantaneous flow rate at 
each time step similar to Eq. 31. If the errors were instead 
normalized by the maximum flow, the reported errors associ-
ated with matching the minimum flow would be comparable 
to those for matching the target maximum flow, with a maxi-
mum error of approximately 2%.

Coronary model. Similar to the aortofemoral model, the 
synthetic target hemodynamic metrics in the coronary model 
include a combination of scalar values and temporal wave-
forms of pressure and flow rate. Calibrating the coronary-
specific LPN models is particularly challenging because the 
coronary circulation exhibits distinct temporal dynamics 
between the right and left coronary arteries. Specifically, flow 

in the right coronary arteries behaves like systemic circula-
tion, with maximum flow occurring during systole, whereas 
flow in the left coronary arteries is out-of-phase, reaching its 
peak during diastole due to elevated left ventricular pressure 
during systole. To evaluate the efficacy of our method, we 
d e f i n e 
yobs = [Pin

avg
,Pin

max
,Pin

min
, {Qi

rcor
(t) for i ∈ [1,⋯ , n

r
]}, {Q

j

lcor
(t) for

j ∈ [1,⋯ , n
l
]}] , where nr and nl denote number of right and 

left coronary outlets. The target flow waveforms are specified 
as Qi

rcor
(t) = Qi

avg
Q̃rcor(t) and Qj

lcor
(t) = Q

j
avgQ̃lcor(t) , where 

Q̃rcor(t) and Q̃lcor(t) are the normalized template waveforms 
for the right and left coronaries, respectively, shown in Fig. 7. 
To assess the robustness of our pipeline, we initially set the 
coronary-specific LPN parameters such that the ROM pre-
dicts in-phase flow behavior across both left and right coro-
nary outlets (Fig. 7). After calibrating the boundary condition 
parameters, the ROM produces physiologically consistent 
coronary flow waveform dynamics with the target average 
flow rates, where left coronary outlets exhibiting out-of-
phase flow and right coronary outlets showing in-phase flow, 
as illustrated in Fig. 7. The �∗-ROM reproduced the pre-
scribed inlet pressure and coronary flow targets with errors 
below 1.0% for the scalar quantities shown in Fig. 7, while 
the corresponding 3D CFD simulation results using �∗ also 
remained within 1.0% of the targets.

Fig. 7   Normalized template flow rate waveforms for right and left 
coronaries (top left). Predicted flow rate waveforms from �∗-ROM 
(defined as M ) using initial parameters �

0
 and calibrated boundary 

condition parameters �∗ , and also from 3D CFD with �∗ boundary 

conditions (top right). Predicted pressure and flow rates, together with 
their corresponding percentage errors relative to synthetic the target 
observed data y

obs
 (bottom) for the coronary model
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Aortic model (clinical data). Finally, we consider a 
patient-specific aortic model constructed from CT imag-
ing. First, we apply the previously described calibration 
procedure to obtain the corresponding �-ROM calibrated 
model, which is subsequently used to estimate optimal 
RCR Windkessel and inflow boundary conditions that best 
match the available clinical targets. The calibration targets 
were obtained from clinical measurements in a 77-year-old 
female patient following transcatheter aortic valve implanta-
tion (TAVI). The target data include a temporal waveform 
of aortic root pressure measured via invasive catheterization 
and post-procedural cardiac output estimated from echocar-
diographic assessment. The pressure waveform was digitized 
over five cardiac cycles and reduced to a representative sin-
gle cycle target by temporally averaging over the cycles. A 
pointwise ±1� uncertainty band was then constructed from 
the cycle to cycle standard deviation across the five cardiac 
cycles. There was no patient-specific inflow waveform avail-
able for this patient; therefore, the inlet flow was prescribed 
using a representative flow waveform at the root of aorta 
defined by a multiplicative correction of a template wave-
form, as mathematically described in Eq. 9. In summary, 
we define yobs = [Par(t),CO] , where Par(t) is the representa-
tive single cycle aortic root pressure waveform, while CO 
represents the cardiac output of 4.86 l/min for this patient.

The calibration parameters were def ined as 
� = [�out, � in] , where � in represents the Fourier coefficients 
parameterizing the inflow waveform, while �out represents 
the RCR boundary conditions enforced at the outlets of 

the geometry. The multiplicative correction waveform was 
constructed using 12 Fourier modes. Compared with the 
previous calibration studies using synthetic target data, 
where pressure and flow constraints were enforced at all 
boundaries, the clinical dataset only provides measure-
ments at the aortic root. Consequently, the estimation of 
optimal boundary conditions becomes an underdetermined 
nonconvex optimization problem, with non-unique solu-
tion. To ensure physiologically admissible solutions dur-
ing optimization, we introduce additional penalty terms 
that restrict non-physiological backflow behavior at the 
outlets, specifically limiting the maximum reverse flow to 
−2 mL/s. Following calibration, the predicted aortic pres-
sure and cardiac output from �∗-ROM with the calibrated 
parameters �∗ are in excellent agreement with the clini-
cal observations and are well within the estimated uncer-
tainty intervals, as shown in Fig. 8a. The corresponding 
3D CFD results, where the 3D CFD simulation was per-
formed using the optimized inflow waveform and RCR 
outlet boundary condition parameters, indicate a maximum 
error of 2.59% in the aortic pressure measurement, and 1% 
in the cardiac output prediction, while ensuring the flow 
reversal is not more than −2 ml/s at all outlets shown in 
Fig. 8d.

Stochastic Boundary Condition Tuning

In this section, we perform Bayesian calibration of the 
boundary conditions in the aortic model while accounting 

Fig. 8   a Patient-specific aortic geometry from CT imaging. b Pre-
dicted aortic pressure from �∗-ROM (defined as M ) using calibrated 
boundary conditions �∗ to match clinical observations y

obs
 obtained 

by digitizing pressure catheterization data (shown in red box), as well 
as 3D CFD simulation results ( y

3D
 ) using �∗ . c Optimized inflow 

Q
in

 compared to template initial inflow waveform Q̃ along with the 
comparison of cardiac output from �∗-ROM and 3D CFD predictions 
using �∗ and observed clinical data (black box). d Flow waveforms 
at all outlets showing the threshold of −2  ml/s (black dashed line) 
imposed through penalty terms



	 S. Thakar, M. Mirramezani 

for uncertainties in the observed data. We consider the aver-
age inlet pressure and the average flow rates at the outlets as 
t h e  o b s e r v a t i o n a l  d a t a ,  d e f i n e d  a s 
yobs = [Pin

avg
, {Qi

avg
, for i ∈ [1,⋯ , no]}] , where these obser-

vations are generated by adding noise to the 3D CFD simula-
tion results. Specifically, ynoisy

obs
= y3D + � , with � sampled 

from a zero-mean Gaussian distribution � ∼ N(0,Σ) , where 
Σ is the same diagonal covariance matrix used in the likeli-
hood function in Eq. 22. Since the observations consist of 
average pressure and flow rates, which are primarily deter-
mined by the total resistance of the RCR Windkessel bound-
ary conditions, we focus on calibrating the total resistance 
Rt . A fixed ratio is then used to distribute Rt between the 
proximal and distal resistances at each outlet, while the 
boundary condition compliances are held constant. This 
reduces calibration strategy also yields substantial compu-
tational efficiency. We utilized the RMH, SMC, and HMC 
sampling strategies described in Sect. “Stochastic Parameter 
Tuning” to approximate the posterior distribution over � and 
subsequently estimate single-valued parameters using 
Eq. 25. To determine an appropriate sample size for each 
method, we conducted a sample size study and identified a 
threshold beyond which additional samples provided less 
than 1% improvement in accuracy.

The No-U-Turn sampler (NUTS) [42] was used to tune 
the HMC sampling parameters, including an adapted step 
s i ze  o f  0 .66  and  a  d i agona l  mass  ma t r ix 
M = diag(0.0063, 0.013, 0.014, 0.012, 0.014) . For SMC, the 
effective sample size threshold was set to 0.85, with reju-
venation and resampling performed whenever the effective 
sample size fell below this threshold. This improved pos-
terior exploration and reduced sample degeneracy, 
although at the expense of increased computational cost. 
Table 4 summarizes the comparison of estimated average 
pressures and flow rates from the posterior distributions 
obtained using different sampling methods, with observa-
tional data perturbed by up to 20% relative uncertainty. All 

three sampling methods show consistent agreement with 
the observations for both pressure and average flow rates, 
with HMC approach achieving accuracy comparable to 
RMH and SMC while requiring substantially fewer sam-
ples. Moreover, when �∗ estimated from HMC samples is 
used to run 3D CFD simulations, the resulting hemody-
namic quantities show strong agreement with both the �-
ROM predictions and the observed target data. We note 
that because the observational data are randomly and inde-
pendently perturbed, mass conservation is not necessarily 
satisfied for the target observed values, which explains the 
deviation observed in Q1

avg
 between the target observations 

and the physics-based simulation, in which mass conserva-
tion is always enforced.

Among the methods, SMC required the longest com-
putational time, primarily due to the numerous tempering 
steps needed to capture the sharply peaked posterior. In 
contrast, HMC achieved the lowest computational cost, 
requiring 90 s for window adaptation warmup and 40 s 
for the actual inference phase on a workstation equipped 
with an Intel Core i7-14700 CPU (up to 5.4 GHz) running 
Ubuntu 24.04 LTS. This efficiency stems from HMC’s gra-
dient-aware updates, which enable rapid posterior estima-
tion with relatively few samples ∼ 500 . The differentiable 
nature of our framework allows seamless integration with 
the HMC sampling pipeline, as the gradients required for 
Hamiltonian dynamics are computed on-the-fly and do not 
need to be precomputed prior to posterior estimation.

The joint distribution of all Rt parameters is shown in 
Fig. 9. As illustrated, the HMC-derived distributions closely 
match those obtained from RMH, which we consider the 
ground truth among the MC-based methods, despite HMC 
requiring only approximately 1/100 of the RMH sample size.

To assess the effect of relative uncertainty on HMC per-
formance, we inferred posterior distributions under three 
uncertainty levels in the observed data: 5%, 10%, and 20%. 
The corresponding results are presented in Fig. 10. As the 

relative uncertainty decreases, the posterior distributions 

Table 4   Predicted hemodynamic values obtained from the �∗-ROM using the expected value �∗ , estimated via HMC, SMC, and RMH sampling 
methods and Eq. 25, along with the required number of samples for convergence and the computational time for posterior estimation

y
3D

 represents hemodynamic values obtained from 3D CFD using the expected value �∗ from HMC samples. The average error (avg error) is 
defined as the mean relative percentage error computed across the six target observations, y

obs

Pin

avg
Q1

avg
Q2

avg
Q3

avg
Q4

avg
Q5

avg
Avg error (%) # of samples Time

(mmHg) (ml/s) (ml/s) (ml/s) (ml/s) (ml/s) – – (s)

y
obs

87.18 36.08 8.76 6.73 6.76 2.46 – – –
y
3D

(�∗
HMC

) 85.58 32.03 8.01 6.09 6.22 2.19 8.35 – –
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Fig. 9   Posterior distributions between total resistances �
i
 (defined as R

t
× 10−3 ) with corresponding one-dimensional kernel density estimates 

obtained using HMC, RMH, and SMC sampling methods

Fig. 10   Posterior distributions between total resistances �
i
 (defined as R

t
× 10−3 ) with corresponding one-dimensional kernel density estimates 

obtained using HMC sampling method for observational uncertainties of 5%, 10%, and 20%
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become increasingly sharp. HMC is able to accurately cap-
ture these sharper posteriors with relatively few samples, 
whereas RMH would require a substantially larger number 
of samples to resolve the narrow peaks, and SMC would 
require many tempering steps to transition from an unin-
formative prior to the sharply concentrated posterior.

Discussion

We have developed an end-to-end differentiable framework 
that enables (i) accurate surrogate modeling, (ii) rapid model 
calibration, and (iii) automated deterministic and stochastic 
boundary condition tuning—thereby unifying three funda-
mental capabilities that substantially advance personalized 
cardiovascular modeling and simulation. The inherent differ-
entiability of the pipeline allows us to exploit state-of-the-art 
gradient-based optimization methods, eliminating the need 
for custom adjoint implementations and avoiding the scal-
ability limitations commonly encountered with derivative-
free approaches in cardiovascular applications. Furthermore, 
this differentiability facilitates seamless integration with 
gradient-informed Monte Carlo sampling strategies, ena-
bling efficient Bayesian boundary condition calibration in 
the presence of observational uncertainties.

A recent study [21] employed a Bayesian framework to 
optimize cardiovascular boundary conditions using sur-
rogate models. While our approach similarly leverages 
surrogate modeling calibrated to a single 3D CFD simula-
tion, it addresses key limitations of this work. First, their 
framework primarily focused on stochastic boundary condi-
tion tuning, where deterministic calibration emerged only 
implicitly through posterior expectation estimates. Although 
uncertainty-aware calibration is valuable in clinical deci-
sion-making, the associated SMC methodology imposes 
substantial computational overhead, limiting its applicabil-
ity in clinical and translational settings that require rapid 
patient-specific model calibration. In contrast, our frame-
work explicitly supports both deterministic and stochastic 
calibration as complementary functionalities within a unified 
differentiable framework. Specifically, we achieve substan-
tial computational efficiency gains enabling timely model 
calibration through both gradient-based deterministic opti-
mization and gradient-informed HMC sampling for stochas-
tic inference. Second, their study considered calibration of 
only outlet resistances, with compliance constrained through 
a fixed resistance-compliance relationship, for a single aortic 
model involving five parameters and a limited set of scalar 
hemodynamic targets under varying signal-to-noise ratios. 
This restricted formulation largely reflects the limited scal-
ability of SMC-based stochastic calibration, where increas-
ing parameter dimensionality substantially exacerbates 

convergence and computational costs. In contrast, our 
framework provides a significantly more comprehensive and 
scalable formulation, supporting diverse boundary condi-
tions including RCR Windkessel model, coronary-specific 
LPNs, and inflow waveform parameterization. Moreover, 
the framework can readily incorporate additional boundary 
condition models with minimal implementation effort due 
to its native differentiability and modular design. We further 
evaluated the framework using both scalar and temporally 
resolved hemodynamic targets derived from synthetic CFD 
simulations and clinical datasets, demonstrating robustness 
across heterogeneous calibration settings.

The parametric ROM developed in this study demon-
strates reliable prediction of temporal hemodynamic wave-
forms across cardiovascular domains with distinct geometric 
complexity and flow characteristics, and it consistently out-
performs the previously proposed DLP approach. Whereas 
the DLP model is a purely physics-based ROM that depends 
on analytical and semi-empirical pressure loss formulations 
with predefined nonlinearities, whose accuracy degrades 
across heterogeneous vascular anatomies and flow char-
acteristics, the proposed parametric surrogate integrates 
mechanistic insights with data-driven techniques to approx-
imate a generalized resistance as a nonlinear function of 
flow rate alongside a tunable inductance term over a range 
of hemodynamic conditions, both calibrated efficiently to a 
single high-fidelity 3D CFD simulation. For instance, in the 
coronary model, where calibration involves 88 parameters, 
the average computational cost per optimization iteration 
is approximately 0.056 s as reported in Table 5, with con-
vergence typically achieved in fewer than 15 iterations. All 
surrogate model calibrations and boundary condition opti-
mizations were performed on a workstation equipped with 
an Intel Core i7-14700 CPU (up to 5.4 GHz) running Ubuntu 
24.04 LTS. This substantial computational efficiency is ena-
bled primarily by just-in-time (JIT) compilation in JAX, the 
framework used for model development, with performance 
benefits becoming increasingly pronounced as the number 
of model parameters grows.

The surrogate model was subsequently leveraged to esti-
mate optimal boundary conditions to match a set of target 
hemodynamic observations through a deterministic approach 

Table 5   Number of calibrated parameters in the parametric �-ROM 
and the corresponding average per-iteration optimization time for aor-
tic, aortofemoral, and coronary models

Vascular model # of parameters Optimiza-
tion time/
iter (s)

Aortic model 32 0.012
Aortofemoral model 64 0.034
Coronary model 88 0.056
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formulated as a least-squares inverse problem that is solved 
using gradient-based LM optimization. The method dem-
onstrated consistent and robust performance in calibrating 
boundary conditions across diverse cardiovascular domains 
by accommodating a wide range of synthetically generated 
and clinical observations, including time-averaged scalar 
metrics, time-dependent waveform targets, and combinations 
of the two. Importantly, even with poor initialization of the 
boundary conditions, particularly in the coronary circulation, 
where proximity to the heart and myocardial compression 
create unique hemodynamics that make calibration extremely 
challenging [45], the optimizer successfully recovered bound-
ary condition parameters that yielded pressure and flow rates 
in strong agreement with the target observations. This robust-
ness stems from the curvature-aware LM algorithm used to 
solve the inverse problem: LM adaptively blends gradient 
descent, which provides stability when far from the solution, 
with Gauss–Newton updates, which accelerate convergence 
near the optimum. The damping parameter enables dynamic 
transitioning between these regimes, enabling reliable con-
vergence even from weak or highly inaccurate initializations.

To complement the single value estimates of optimal 
boundary conditions obtained via the deterministic method, 
we employed Monte Carlo-based approaches to estimate 
posterior distributions over boundary condition parameters 
by propagating uncertainties from the observed data, which 
typically requires large ensembles of simulations to achieve 
convergence. By leveraging gradient information, HMC 
drastically reduced the number of samples required for con-
vergence, resulting in a total computational speedup of at 
least 4× for cases tested in this study. This efficiency makes 
Bayesian calibration significantly more computationally trac-
table compared to standard Monte Carlo approaches such as 
RMH and SMC. The key advantage of our framework, how-
ever, lies not merely in the use of HMC, which has recently 
been applied for parameter estimation and uncertainty quan-
tification [46], but in the seamless integration of gradient 
computations, eliminating the need for manual derivation or 
cumbersome approximations in stochastic model calibration.

In this study, we assumed that the hydraulic resistance 
is a parabolic function of flow, consistent with physics-
based energy dissipation models, particularly at sudden 
expansions and junctions [23]. Table 7 in Appendix 4 com-
pares the average maximum outlet pressure errors obtained 
using different polynomial degree during �-ROM calibra-
tion for the aortic, aortofemoral, and coronary models. Our 
observation demonstrated that the cubic representation 
( d = 3 ) exhibits calibration difficulties, particularly for the 
aortofemoral model. This behavior is likely attributable to 
the introduction of non-physiological nonlinearities, where 
resistance scales proportionally to Q3 , leading to increased 
optimization complexity and potential overfitting. Among 
all tested polynomial degrees, d = 2 consistently produced 

the most accurate and robust results across the consid-
ered models. The differentiability and modularity of our 
pipeline enable straightforward adaptation to any form of 
nonlinearity beyond polynomial representation in defining 
the system dynamics including hydraulic resistances and 
inductances, which is not readily achievable in prior works 
that require substantial reformulation and redevelopment 
of adjoint-based derivations [21].

Despite these promising results, a few limitations remain. 
The use of LM algorithm, while robust, does not scale effi-
ciently to problems with a large number of parameters for 
parametric ROM calibration and boundary condition tuning. 
For instance, we evaluated the parametric ROM approach 
on an extensive pulmonary model with 508 parameters, 
which required approximately 1,200 s per LM optimization 
iteration, making its use prohibitively expensive. Extending 
this framework to high-dimensional settings will necessi-
tate the use of first-order gradient-based optimizers, such as 
ADAM [47], which can be seamlessly integrated into our 
differentiable pipeline. For example, we utilized the ADAM 
optimizer to perform a preliminary �-ROM calibration for a 
pulmonary model consisting of 508 parameters, demonstrat-
ing the scalability of the proposed framework. Each optimi-
zation iteration required approximately 3.0 s computational 
time, and approximately 1,000 iterations were needed to 
achieve agreement with the 3D CFD results. Computational 
efficiency can be further improved through advanced opti-
mization strategies, such as adaptive learning rate schedul-
ing. The corresponding results are indicated in Appendix 5.

Another limitation of this study is that the stochastic cali-
bration results obtained using HMC and SMC are validated 
against RMH using ROM predictions, rather than directly 
against full 3D CFD simulations, which would be compu-
tationally prohibitive. Given the demonstrated accuracy 
of the proposed parametric ROM in reproducing 3D CFD 
hemodynamics, this surrogate-based validation is a reason-
able and practically justified approximation, as further sup-
ported in our study, where �∗ estimated from HMC samples 
is used to perform 3D CFD simulations for reproducing target 
hemodynamics shown in Table 4. Finally, although gradient-
informed HMC sampling effectively reduces the number of 
samples compared to conventional Monte Carlo methods, it 
is sensitive to disparities in parameter scales, which can lead 
to numerical instabilities. This limitation is not specific to our 
framework but inherent to HMC itself and can be mitigated 
through reparameterization strategies or by constructing non-
dimensionalized physics-based models.

Finally, the proposed pipeline does not account for ves-
sel wall deformability. Previous studies have demonstrated 
that pathologies such as aortic aneurysms involve substantial 
wall motion, and that predicted flow and pressure waveforms 
can differ between rigid wall and deformable wall assump-
tions in cardiovascular flow simulations [48]. In addition, 
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physiological phenomena such as pulse wave propagation, 
which play an important role in cardiovascular physiology 
and diagnostics, are not captured within the current frame-
work. However, owing to the modular and differentiable 
structure of the proposed pipeline, the framework can be 
readily extended to incorporate vessel compliance, by rep-
resenting vascular segments with RLC lumped parameter 
models.

Appendix 1 3D CFD Simulation

The open-source SimVascular [1] was used for 3D CFD 
simulation of blood flow using numerical solution of incom-
pressible Navier–Stokes equations 

where v is the fluid velocity, p is the pressure, and � is the 
viscous stress tensor. The vessel walls were assumed to be 
rigid.

Appendix 2 MCMC Algorithms

Random‑Walk Metropolis‑Hastings (RWMH)

Algorithm 1   Random-Walk Metropolis-Hastings (RWMH)

(33)

𝜌v,t + 𝜌v ⋅ ∇v = −∇p + ∇.𝜏

∇.v = 0

𝜏 = 𝜇
(
∇v + (∇v)T

)
,



Automated Tuning of Cardiovascular Boundary Conditions via Differentiable Surrogate Modeling﻿	

Adaptive Tempered Sequential Monte Carlo (SMC)

Algorithm 2   Adaptive Tempered Sequential Monte Carlo (SMC)
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Hamiltonian Monte Carlo (HMC)

Algorithm 3   Hamiltonian Monte Carlo (HMC) with Leap-
frog Integrator

Algorithm 4   Leapfrog integrator

Appendix 3 Patient and Model Information

See Table 6
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Appendix 4 Ablation Study for Polynomial 
Degree of ̨ ‑ROM

To assess the sensitivity of the proposed �-ROM formulation 
to the choice of polynomial degree in Eq. 3, we performed 
an ablation study in which the degree d of the nonlinear 
resistance model was varied while keeping the remaining 
calibration procedure fixed. For each vascular model and 
each value of d , the �-ROM was calibrated against the cor-
responding 3D CFD simulation data. We then evaluated the 
maximum relative pressure error between the calibrated 
ROM prediction and the 3D CFD pressure waveform at each 
pressure measurement location. The mean of these maxi-
mum errors, calculated across all outlets, 𝜀̄P , was used to 
compare the accuracy obtained with different polynomial 
degrees. As shown in Table 7, the quadratic model generally 
provides a good balance between accuracy and robustness 
across the vascular models considered.

(34)�
(i)

P
= max

t

|||P
(i)

�∗-ROM
(t) − P

(i)

3D
(t)
|||

|||P
(i)

3D
(t)
|||

%,

where No is the number of outlets.

Appendix 5 Pulmonary Model Calibration 
Using ADAM Optimization

For higher-dimensional vascular networks, such as pul-
monary models with extensive branching and many ter-
minal vessels, the computational cost of the LM algorithm 
becomes prohibitive. For the patient-specific pulmonary 
geometry obtained from Vascular Model Repository [43], 
each �-ROM calibration step using LM required approxi-
mately 1, 200 seconds, making the approach computation-
ally impractical. This cost is primarily associated with 
forming and solving curvature-based systems, which scale 
poorly as the number of calibration parameters increases. 
To address this issue, we calibrated the pulmonary �-ROM 
using the first-order ADAM optimizer, which avoids explicit 
Hessian or Gauss–Newton matrix construction and is there-
fore more scalable for large parameter spaces. The cali-
bration was performed against a single reference 3D CFD 
simulation using a learning rate of 10−3 requiring around 
2,000 iterations to achieve agreement with 3D CFD simula-
tion results. As shown in Fig. 11, the calibrated �∗-ROM 
closely reproduces the 3D CFD pressure waveforms across 
the reported locations.

(35)𝜀̄P =
1

No

No∑
i=1

𝜀
(i)

P
,

Table 6   Summary of vascular models used in this study

Model Age Sex Disease/Clinical condition Source Identifier

Aortic model 8 Female Aortic coarctation Vascular Model Repository 0020_H_AO_COA
Aortofemoral model 70 Male Abdominal aortic aneurysm Vascular Model Repository 0038_H_ABAO_AAA​
Coronary model N/A NA Coronary artery disease Perelman School of Medicine at UPenn Non-public institutional dataset
Pulmonary model 22 Female Healthy Vascular Model Repository 0092_H_PULM_H
Aortic model 77 Female Post-TAVI Long Beach Memorial Care Non-public institutional dataset

Table 7   Mean maximum relative pressure error for different polyno-
mial degrees across vascular models

Model 𝜺̄
P,d=1 𝜺̄

P,d=2 𝜺̄
P,d=3

Aortic model 0.8397% 0.7087% 0.6416%

Aortofemoral model 0.24% 0.24% 9.76%

Coronary model 1.43% 0.51% 0.46%

Fig. 11   Patient-specific pulmonary model and representative pressure waveforms from 3D CFD and the �∗-ROM calibrated using the ADAM 
optimizer
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